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Abstract 

We obtain various solutions for D = 4 dipoles and their bound states whose U{1) 
fields originate from various form fields in the effective string theories. We oxidize 
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1 Introduction 



Due to the recent development in string dualities, our understanding of string theories 
has greatly advanced. Initially, the duality relations between different string theo- 
ries are established by relating the effective supergravity actions (namely the massless 
string vibration modes) of string theories through field redefinitions. Such duality re- 
lations are further extended to the (massive) BPS states. The BPS states are useful 
in establishing and proving the duality relations because of their stability and the ab- 
sence of quantum corrections due to the supersymmetry preserved by such states. So, 
their properties can be safely extrapolated from weak string coupling to strong string 
coupling, thereby allowing test of non-perturbative string dualities, i.e. ^'-dualities and 
[/-dualities, and the study of non-perturbative aspects of string theories. 

If string dualities are correct, one should be able to establish duality relations beyond 
the massless and the BPS states. The pioneering work [1] by Sen first established the 
duality relations among non-BPS states. In perturbative spectrum of a string theory, 
there are some stable (due to their being the lightest and therefore unable to decay 
to other states) non-BPS states , i.e. there are no particular relations between their 
masses and their charges, with some conserved quantum numbers. Since such states 
do not preserve supersymmetry, they receive quantum corrections. Nonetheless, due to 
their stability such states should be present also in the strong coupling region as non- 
perturbative states. The stable non-BPS perturbative string states considered in Ref. 
[1] are the lightest massive perturbative states in the 5*0(32) heterotic string belonging 
to the spinor representation of 5*0(32). These states are not BPS since the theory that 
such states belong to does not have the central charge. If the duality between the 
5'0(32) heterotic string and the type I theory [2, 3, 4, 5] is correct, then there should 
exist the corresponding stable non-BPS states with the same quantum numbers within 
the non-perturbative spectrum of the type I string theory. Such stable non-BPS state 
with the same quantum numbers in the type 1 string theory can be identified [6] as a 
tachyonic kink solution on the D-string/anti-D-string pair. Such solution is shown [7] 
to be stable and behave as a D-particle. Generally, D-brane/anti-D-brane systems are 
useful for studying non-perturbative aspects of string theories beyond the BPS regime. 

Therefore, it is interesting to construct supergravity solutions for brane/anti-brane 
pairs. The first brane/ anti-brane pair solution that was constructed is the D6-brane/anti- 
D6-brane pair solution in Ref. [8]. Sen constructed such solution by embedding the 
magnetic Kaluza- Klein (KK) dipole solutions of Ref. [9] into D = 11 supergravity and 
then compactifying on S^. Such solution is a static and stable configuration because 
a net attractive force between the brane and the anti-brane due to the gravitational 
and the electromagnetic interactions is cancelled by the repulsive force between the 
brane and the anti-brane induced by the external magnetic field. For supergravity 
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solutions for the other brane/anti-brane systems, it seems to be a challenging problem 
at this moment to construct them. Unlike the brane solutions, which can be straight- 
forwardly constructed by the solution generating transformations, which induce brane 
charges on a charge neutral solution, currently there is not available systematic method 
to construct solutions for general brane/anti-brane pairs. Even the generalization of 
the Bonnor-transformation [10], which was used to construct dipolc solutions from the 
D = 4 Kerr solution, and the method used in Ref. [9], which constructs the magnetic 
KK dipole solution through an Euclidean rotation of the D = A Kerr solution and the 
addition of another time coordinate followed by the dimensional reduction, to the case 
of general brane/anti-brane systems seems to be not plausible. 

In this paper, we shall construct supergravity solutions for various brane/anti-brane 
systems and their bound states by embedding D — A dipole solutions in Einstein- 
Maxwell-Dilaton system into string theories. (Refs. [11, 12, 13] also study the related 
issues.) Although such D = 10 supergravity solutions have only three localized (overall) 
transverse coordinates (because these are uplifted from D = A solutions), these might 
enable one to gain insight on the structure of the complete supergravity solutions or 
perhaps to guess the general Ansatz for the complete solutions. So, in this paper, we 
present a large number of such supergravity solutions for the purpose of revealing the 
general patterns for the structure of the solutions. The paper is organized as follows. 
In section 2, we summarize general dipole solutions in the Einstein-Maxwell-dilaton 
system and then we construct dyonic dipole solution in the Einstein-Maxwell-dilaton- 
axion system by applying the 5*^(2, R) transformation to the dipole solution in the 
Einstein-Maxwell-dilaton theory with the dilaton coupling a = 1. In section 3, we dis- 
cuss (consistently) truncated string effective action, into which the dipole solutions in 
the D — A Einstein-Maxwell-Dilaton system are to be embedded, and the symmetries 
of such action to be used to generate other D — A dipole solutions in the effective string 
theory. In section 4, we present various D — A "fundamental" dipole solutions charged 
with respect to U{1) fields originated from various form fields in string theories and 
then we uplift such solutions to = 10 to obtain delocalized supergravity solutions 
for various brane/anti-brane systems. In section 5, we construct solutions for non- 
marginal bound states of "fundamental" D = A dipoles of section 4 by applying the 
transformations in section 3, and then uplift them to D = 10 to obtain the delocalized 
supergravity solutions for the non-marginal bound states of brane/anti-brane systems. 
In section 6, we construct delocalized supergravity solutions for the marginal bound 
states of brane/anti-brane systems with the equal dipole moments by embedding the 
D = A dipole solutions in the Einstein-Maxwell-dilaton theory with the dilaton cou- 
plings a = l,l/\/3, 0. We learn that such restricted class of supergravity solutions 
still satisfy the rules similar to the harmonic superposition rules of the (delocalized 
intersecting) brane solutions. 
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2 Dipoles in Einstein-Maxwell-Dilaton System 



The gravity solution for the dipole in D = 4 was first constructed within the Einstein- 
Maxwell system in Ref. [10] by applying the Bonnor-transformation to the complexified 
Kerr solution. Later, the magnetic dipole solution in the five- dimensional KK theory 
was constructed in Rcf. [9] through an Euclidean rotation of the Kerr solution followed 
by the addition of a new time coordinate and the dimensional reduction. In this section, 
we summarize the D = 4 dipole solutions that generalize these dipole solutions. 

We consider the dipole solutions in the following general Einstein- Maxwell- dilat on 
system in D = 4: 

1 

where is the D — A dilaton and a is the dilaton coupling parameter to the C/(l) 
field strength F. The cases a — 0, VS respectively correspond to the Einstein- Maxwell 
system and the D — 5 KK theory considered in Refs. [10] and [9]. In particular, 
in the case where a = \/3, 1, l/\/3, 0, this action can be embedded as the effective 
supcrgravity action for string theories [14], thereby allowing the study of the solutions 
to the equations of motions for such action within the context of string theory. 

The following general dipole solution of this system was constructed in Refs. [15, 16]: 
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where the plus [minus] sign in the dilaton solution is for the electric [magnetic] dipole, 
and the non-zero components of the U{1) gauge potential for the electric and 
magnetic cases are respectively given by 

1 4ma cos 9 



A, 



V1 + Q;2 r2 -a^cos^e' 
1 Amar sin^ 9 



_ (3) 

y/l + r"^ — 2mr — a? cos^ 9 

The ADM mass M and the electric (or magnetic) dipole moment p of the above solution 
are given by 

2m 2ni(i 
M = z ^, p = ^^==. (4) 



1 + q;2 
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The a = and a = a/3 cases respectively correspond to the dipole solutions constructed 
in Ref. [10] and Ref. [9]. 

The solution (2) describes a pair of dilatonic 0-brane [17] and anti-O-branc separated 
by the distance 2a. The endpoints of such dipole are located at {r,9) = (r+,0) and 
(r+, tt), where r+ = m + ^/m^~+~a?. Generally, the solution (2) has a singularity at r = 
r+ due to the conical deficit along the line r = r+. Furthermore, the horizon of the each 
hole at one end point of the dipole is deformed due to the field created by the other hole 
on the other end. Therefore, in the near-region of the endpoints of the dipole, the metric 
(2) takes the form of the deformed near-horizon metric of the 0-brane (or anti-O-brane) 
due to the conical singularity. Nevertheless, the solution (2) can still be interpreted 
as pair of 0-brane and anti-O-brane kept separated by struts or strings [15, 11]. In the 
case of the magnetic KK dipole solution of Ref. [9] , the conical singularity at r = r+ is 
removed by identifying points under a combined spatial translation (along the internal 
coordinate direction) and rotation. In fact, such transformation on the Minkowski 
spacetime (in cylindrical coordinates) leads to the space with an infinitely long straight 
magnetic fiux tube after the dimensional reduction and the proper definition of new 
angular coordinate [18, 19, 20]. This is the KK generalization of the Melvin's magnetic 
universe [21] and is also constructed previously in Ref. [22]. This fact was properly 
observed in Ref. [7] . The resulting solution near the endpoints of the dipole approaches 
the near-horizon solutions for the monopole and the anti-monopole. In this case, it is 
the net repulsive force due to the external magnetic field that keeps the monopole 
and the anti-monopole pair apart. Another way ^ to introduce a uniform magnetic 
field into a solution is through the Ehlers-Harrison transformation [23]. The Ehlers- 
Harrison transformation was generalized to the Einstein-Maxwell-dilaton system (1) in 
Ref. [18]. In Ref. [13], this generalized Ehlers-Harrison transformation was applied to 
the dilatonic dipole solution (2) to construct the solution for the dilatonic 0-brane/anti- 
0-brane pair in the external magnetic field. There, it is shown that with the proper 
strength of external magnetic field the singularity of (2) at r = r+ disappears and 
the metric near the end points {r,9) = (r_|_,7r) and respectively approaches the 

near-horizon metrics of the dilatonic 0-brane and anti-O-brane. 

In the a = 1 case, one can generalize the above dipole solution in the Einstein- 
Maxwell-dilaton system to the dyonic dipole solution in the Einstcin-Maxwell-dilaton- 
axion system. The action (1) with a = 1 is a special case of the following action for 

would like to thank R. Emparan, who made me realize the equivalence of the identification under 
the points under the coordinate transformations and the Ehlers-Harrison transformation in the case 
of the KK theory through the email correspondence after the first version of this paper appeared in 
the preprint archive. 
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the Einstein-Maxwell-dilaton-axion system: 
1 
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where is the axion field, A = Ai + 1X2 = ip + ie^'^'^ is the axion-dilaton field and 
F^^'^ = ^^^ e^^''" Fpcr. The equations of motion for the action (5) are invariant under 
the following 5'L(2,R) transformation [24]: 
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where the real numbers a, b. c and d satisfy ad — be = 1. To construct the dyonic 
dipole solution to the action (5), one applies the following 5'L(2,R) transformation to 
the electric dipole solution (2) and (3) with a = 1: 
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The resulting dyonic dipole solution is given by 



-(Ai sin 6 + cos + A2 sin 6F^^, g^^ g,,^. (7) 



gfj^t/dx^dx" 



df 



— 2mr — cos^ 9 

— cos^ 9 
(r^ — 2mr — 0? cos^ 9) (r^ — a} cos^ 9) 

— 2mr + rn? sin^ 9 — a? cos^ 9 



dr^ 



— 2mr — a" 



+ d9' 



"2 — cos^ 9 



(r^ - 2mr - a^) sin^ 9dip'^, 



-2</> ^ 

Ftr — 

Fte — 

F — 



— 2mr — cos^ 9 

(r^ — 2mr — 0? cos^ 9) (r^ — 0? cos^ 9) 

ir"^ — 2mr — a? cos^ 9^ cos^ 5 + (r^ — cos^ 9^ sin^ 5 ' 

2mr (r^ — mr — cos^ 9) sin 25 

(r^ — 2mr — cos^ cos^ 5 + (r^ — cos^ sin^ 5 ' 
4\/2mar cos 5 cos ^ 
(r^ — cos^ 6*)^ ' 
2\/2ma cos 5 sin 9{r'^ + cos^ 9) 
(r^ — cos^ 9Y ' 
2\/2iu(i sin () sin" ^^(/~ + «' cos^ 9) 



(r^ — 2mr — cos^ ^^)^ ' 
4-\/2wor sin 5 sin cos 9{r'^ — 2mr — a^) 
(r^ — 2mr — a? cos^ 9)"^ 



(8) 



Prom the expressions for the non-zero components of the field strength F^^, in (8), one 
can see that the non-zero components of the C/(l) field for the dyonic dipole solution 
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This dyonic dipole solution is also constructed in Ref. [11] with the different parametriza- 
tion of the 5'L(2,R) transformation matrix. So, as expected, when the S'0(2) C 
S'L(2, R) rotation angle is 5 = 7r/2, the solution (8) becomes magnetic dipole solution. 
Such Z2 transformation corresponds to the electric-magnetic duality transformation 
At ^ —A^p, (f) —(f). The string-frame metric gj^^ = e^'^g^y of the dyonic dipole 
solution (8) is given by 

g'^^dx^dx" = [(r' - 2mr - a' cos' 9f cos' S + {r^ - a' cos' 9f sin' S] 
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(10) 



The ADM mass M and the electric Peiec and magnetic Pma.g dipole moments of this 
dyonic dipole solution are 



M — m — ^ (m cos + (m sin 5^, Peiec = ?7T.a cos 5, pmag — —iTiasinS. (11) 



3 Symmetries of Effective String Theories 

In this section, we discuss the symmetries of the effective string theories for the purpose 
of fixing notations for solutions. For special values of the dilaton coupling a, the action 
(1) for the Einstein-Maxwell-dilaton system can be embedded as the effective theory 
of string theories. Thereby, one can study a general dipole solution (2) with (3) and 
its duahty related solutions within the framework of string theories. The following 
effective supergravity action for the massless NS-NS sector is common to the heterotic, 
type-IIA and type-IIB string theories: 



/ dx^^\f^e- 



(12) 



where $ is the D = 10 dilaton and Hmnp is the field strength of the NS-NS 2-form 
potential Bmn- 

If one assumes the KK Ansatz for the metric of the form {Gmn) = diag(G^p, (5mn) 
{jl, p = 0,1, 5; rh,n = 6, 9) and let Bfin = = Bf^n, then the effective action (12) 
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is compactified to the following D = 6 action: 



2Ki J 



(13) 



where $ = $ is the D = 6 dilaton and Hp^p is the field strength of the NS-NS 2-form 
potential Bfip = Bfi^y. Note, such dimensional reduction is a consistent truncation of 
the D = 10 supcrstring effective action. 

We further compactify the D = Q action (13) down to = 4 by using the following 
Ansatze for the fields: 

_ ( ^^'9tiu + A^A^Gran A^Gmn \ 

(R _i_i('/l'"R — R A'"'^ R -i-4'"R 
R -I- R 4" R / ' \^^) 

where the indices run as ^, z/ = 0, 3 and m, n = 4, 5, and = e*/ V det Gmn = e*"'"'^ 
is the D — 4 dilaton. We parametrize the scalars Gmn and B^n in the following way: 

G — pP~'^ ( ^ + c —c\ o _L 

and we Hodge-duahze the field strength H^j^p to define the D — A axion a: 

e^^p-d.a = ^e-^g'^'^g^^g'^H^xr. (16) 

In terms of the real scalars defined above, we further define the following complex 
scalars: 

S = Si+iS2 = a + ie-\ T = Ti+iT2 = b + ie"", U = Ui+iU2 = c + ie'f, (17) 

where S is the dilaton-axion field, and T and U are respectively the Kahler struc- 
ture and the complex structure of and can be expressed as the following SL{2, R) 
matrices: 

The final form of the effective action in D = 4 is then [25] 
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where jF^j, = (^^j,) are the field strengths of the U{1) gauge fields A^^ {i = 1,...,4) 
defined as A^^ = Bi^, A?^ = B^^, Af^ = A^^ and Af^ = Aj^. The action (19) is manifestly 
invariant under the following SL{2,'R,)t x SL{2,'R,)u T-duality transformation [25]: 

Mt ou'^Mtoot, Mu ou'^Muoou, ^ (<^?^ ® u;^^)^^^, (20) 
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where ujt,u ^ SL{2, R)t,i/- In addition, the theory has an on-shell symmetry under 
the following SL{2,lV)s S'-duality transformation [25]: 



aS + b 
cS + 




UJs 
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eSL{2,R)s, (21) 



where JF^^ is the dual to the U{1) field strength 

In particular, when the real parts of all the complex scalars (17) are zero, the action 
(19) takes the following form: 



(22) 



When only n of the gauge fields A^^ (or are non-zero and equal, the action (22) can 
be transformed to the form of the Einstein-Maxwell-dilaton action (1) with the dilaton 
couphng a — ^J{A — n)/n^ after the field redefinition. Thereby, the dipole solution (2) 
is embedded as a solution of the effective string theory when the dilaton cou pling takes 
the value a = \J {A — n)/n = y^, 1, l/VS, 0. The dipole solution with a = \J {A — n)/n 
is therefore interpreted as the bound state of n "fundamental" dipoles with the dilaton 
couphng a = ^/S (cf. [26, 27]). 

When the action (12) is regarded as the bosonic effective action for the NS-NS sector 
of the type-IIB string theory, one can apply the SL{2, R) S'-duality transformation of 
the type-IIB theory to the dipole solutions carrying the dipole moments of the U{1) 
fields originated from the NS-NS 2-form field to obtain the dipole solutions carrying 
the dipole moments of the U (1) fields originated from the RR 2-form field. The bosonic 
part of the effective action for the type-IIB theory is given by [28] 
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where H^^^ [H^^^] is the field strength of the NS-NS [RR] 2-form potential 
X is the RR 0-form field and F is the field strength of the RR 4- form potential D. 
The SL{2, R) symmetry of the effective action is manifest in the Einstein-frame (with 
the spacetime metric Gfjj^). After applying the Weyl-scahng transformation Gf^]^ — 
C^Gmn, one obtains the following Einstein-frame action: 
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where a 2 x 2 real matrix M. is defined in terms of the complex scalar \ — x-\-ie 2 as 
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The action (24) is manifestly invariant under the following 5'L(2,R) transformation 
[29, 30]: 



M uMoJ^, u e SL{2, R). 



(26) 



To compactify the string-frame action (23) down to D = 6, similarly to the previous 
case, we use the simplified field Ansatz where (spacetime and internal space) mixing 
components of fields are zero and only internal space components of the RR 4-form 
potential D are non-zero. However, unlike the previous case, we take the KK Ansatz 
for the D = 10 metric Gmn to be (Gmn) = {Gpu, e^Smn)- The resulting D = 6 action 
is as follows [28]: 
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where G = G — $/4. In addition to the 5'L(2,R) ^-duality symmetry (26) of the 
D = 10 Einstein- frame action (24), the action (28) also has the on-shell symmetry 
under the following 5'L(2,R)em electric-magnetic transformation [28]: 
pr + q 



rr + s 
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Using this electric-magnetic transformation, one can construct other D = A dyonic 
dipole solutions from the dipole solutions presented in this paper. 



4 Fundamental Dipole Solutions 

In this section, we write down "fundamental" dipole solutions, which we define as 
dipole solutions with either electric or magnetic component of only one U{1) gauge 
field non-zero. In this case, the corresponding D — A string effective action (19) can be 
transformed to the form (1) with the dilaton coupling a = \/3 through field redefinition. 
So, the Einstein-frame metric g^^, is given by (2) with a = ^/3, which can also be check 
by applying the various Z2 subset duality transformations to say KK dipole solutions: 
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+\J (r^ — 2mr — a? cos^ 9){r'^ — a? cos^ 9) 



dr"^ ^ 
+ d9^ 



— 2mr — a? 



U^Ar^^^P-ry - '^mr - a') sin^ 9d^\ (31) 
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In the following, we show the explicit expressions for the other fields for various cases 
of fundamental dipoles. 

The case where only the magnetic component of the KK U{1) gauge field = 
is non-zero corresponds to the D = 5 KK magnetic dipole solution constructed in 
Ref. [9]. In terms of the effective string theory field parametrization, the solution is 
rewritten as follows: 

1 — 2mr — cos^ 9 
rj — a — —p——-m 
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When = A^^ is electric, the corresponding solution (2) and (3) can be rewritten in 
terms of the fields of the effective string theory as 

1 , — 2mr — cos^ 9 
T] — a — —p = - In 
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with the real scalars having the opposite signs to the magnetic case. This is the KK 
electric dipole solution, which is the electric-magnetic dual to the solution in Ref. [9]. 
The remaining KK dipole solutions whose KK U{1) fields come from the other circle 



10 



are obtained by applying the Z2 subset of the SL{2,'R.)u transformation (20) to the 
above solutions (32) and (33). Note that the Z2 subset of SL{2,'R.)u maps the KK 
[winding] U{1) field of one circle to the KK [winding] U{1) field of the other circle, while 
changing the sign of the real scalar p of the complex structure U. So, the remaining 
KK dipole solutions are 

1 , — 2mr — cos^ 9 



and 
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— cos^ 6* 

The Z2 subset of the SL(2, R)t transformation (20) maps the KK electric [magnetic] 
f/(l) field of one circle to the winding electric [magnetic] U{1) field of the other circle 
and vice versa, while changing the sign of the real scalar a of the Kahler structure T. 
By applying this Z2 transformation to the above KK dipole solutions, one obtains the 
winding dipole (or H dipole) solutions. The magnetic H dipole solutions are 

1 — 2mr — a? cos^ 9 
V = -(7 = -p = --ln — , 

2 — cos^ 9 
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The electric dipole solutions are 



and 



1 — 2mr — a} cos^ 9 
V = -(7 = -p = -ln ^ — , 
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These H dipole solutions can also be obtained by applying the Z2 subset of the S- 
duality transformation (21), which maps the KK electric [magnetic] field of one circle 
to the H magnetic [electric] field of the same circle and vice versa and changes the sign 
of the real scalar rj of the dilaton-axion field S, to the KK dipole solutions. 

The parametrization of scalars of the above fundamental NS-NS dipole solutions 
in terms of the internal metric Gmn is achieved by using Eq. (14), namely (Gmn) — 
diag(e~^~'^, e''~"). And of course the D = 4 dilaton is rj. 

From the expressions for the D = 4 dilaton 77 in the above NS-NS fundamental dipole 
solutions, one can see that the string-frame metric g^^^ = e^Qfj^y for all the electric NS- 
NS fundamental dipole solutions has the following form: 

str , u . I. /r^ - 2mr - cos^ e\ n 

g'^ldx^dx" = - — ]df 

\ — COS"' I 



'• — 2mr — a cos 9) — 

[r^ — 2mr — 

„2 o™„ „2\„- 2/i7_2 



+ de'^ 



+(r^ - 2mr - a^) sin^ edip\ (40) 

and for all the magnetic NS-NS fundamental dipole solutions the string-frame metric 
is given by: 



gf^ldx^dx" = -dt^ + - cos^ 9) 



dr^ 

"^"^ + d9' 



^ — 2mr — a? 



r 



^^r^^TT^^^P-T-y - '^mr - a^) sin' 9d<p\ (41) 
— 2mr — cos"^ 9 

The Z2 subset of the SL{2, R) S'-duality transformation (26) of the type-IIB theory 

interchanges the NS-NS 2- form potential -B^jv — Bmn and the RR 2-form potential 

(2) 

^MN- So, by applying this Z2 transformation to the H dipole solutions, one obtains 

the dipole solutions charged with respect to the U{\) field = i?3+a^^ originated from 

^ ('2) 

the RR 2-form potential Bi/j^, which we name as D dipoles. Note that in the H dipole 
solutions in Eqs. (36) — (39) the scalar G is zero, i.e. Gfnn = 5fhn- Under the SL{2, R) 
transformation (26) to these H dipole solutions, the scalar G is induced in such a way 
that the combination G — (7 — $/4 is invariant. Such Z2 transformed solutions have 
the same Einstcin-framc metric as the NS-NS "fundamental" dipole solutions in the 
above, but the D = A dilaton = <l> — | In det gij and the internal metric gij = Ga+j^a+j 
(i,j = 1, ...,6) differ. The solutions are 



jr"^ — 2mr — a? cos^ 9 / H — a^cos^^ 

" V r-'- a? cos' 9 ' ^ ^ r'' - 2mr - a? cos' 9 ^ 
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for the electric case, and 



/ — cos^ 9 r"^ — 2mr — a? cos^ 9 /■ / ■,\ 

fl'll = n 2 2^' 9ii^\ 2 2 20 (^T^^J' 

V — Zmr — cos^ 9 \ — a^^ cos^ 9 

= ^^"^^^"'^ , (43) 

— 2mr — cos^ 9 ' 

for the magnetic case. The D — A dilaton is = for both cases and therefore the 
Einstein- and string-frame metrics have the same form. 



4.1 Higher-dimensional Embeddings 

By uplifting the fundamental dipole solutions constructed in the above to D = 10, one 
can obtain the supergravity solutions for brane/anti-brane pairs in D = 10. Although 
for such solutions some of the transverse directions are delocalized, one may be able to 
learn about the complete solutions from such delocalized solutions. Of course, one can 
compactify such delocalized transverse directions of the solutions for the brane/anti- 
brane pairs and their bound states presented in this subsection and the following section 
to obtain completely localized solutions in D < 10. 



4.1.1 F-string/anti-F-string pair 



By uplifting the electric H dipole solution (38) or (39) to D = 10, one obtains 
the following supergravity solution for the fundamental string (F-string) and anti- 
fundamental string pair: 

dsl^ = H-^[-de + {dx'f]+{dx^f + --- + {dxy 
2mr-a'cos'^) ^^—^ + d0' 



2mr 



2ma cos 9 



2mr — a^) sin^ 9dLp^ 



— COS"' 9 

where the "modified" harmonic function is 

r2 _ 

H 



cos^ 9 



— 2mr — cos^ 9 



(44) 



(45) 



4.1.2 D2-brane/anti-D2-brane pair 

The following supergravity solution for the D2-brane and the anti-D2-brane pair can 
be constructed by uphfting the F-string/anti-F-string pair solution (44) to = 11 and 
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then compactifying one of the transverse directions of the resulting M2-brane/anti-M2- 
brane pair solution on S^: 



de + {dx^f + [dx'^f] + m [{dx^f + • • • + {dx^'f 

^ dr"^ ^ 



+ (r^ - 2mr - cos^ 6) — 

\r'^ — 2mr — 

+ (r — 2mr — a ) sin dd,ip 



+ d9' 



2ma cos 9 



— 0? cos^ 9 ' 

where Bmnp is the 3-form potential in the RR-sector of the type-IIA string theory. 



(46) 



4.1.3 D-string/anti-D-string pair 

By uphfting the electric dipole solution (42) charged under the RR C/(l) field B^, one 
obtains the following supergravity solution for D-string and anti-D-string pair: 



6n2 



H~-2[-dt' + {dx'Y] + m[{dxy + • • • + {dx 

( dr^ 

+ (r2 - 2mr - cos^ 9) ( — — + d9'^ 



— 2mr — a? 



^xH 



+(r^ - 2mr - a^) sin^ 9d^p^ 

2ma cos 9 s> tt 

e = n . 

— a? cos^ 9 ' 



(47) 



4.1.4 NS5-brane/anti-NS5-brain pair 

By uplifting the magnetic H dipole solution (36) or (37) io D = 10, one obtains the 
following supergravity solution for the NS5-brane and the anti-NS5-brane pair: 



&\2 



= -dr + {dx^ + • • • + {dxy + H[{dx'') 

( dr^ 
+ (r — 2mr — a cos 6*^ ' 



— 2mr — 



+ d9^ 



B. 



X"ip 



+{r^ - 2mr - a?) sin^ 9dip^ 
2mar sin^ 9 | 
— 2mr — a? cos^ 9 ' 



H. 



(48) 



4.1.5 D4-brain/anti-D4-brane pair 

The following supergravity solution for the D4-brane and the anti-D4-brane pair can 
be obtained by first uplifting the NS5-brane/anti-NS5-brain pair solution (48) io D — 
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11 and then compactifying one of the longitudinal directions of the resulting M5- 
brane/anti-M5-brane solution on 5*^: 



dslo 



de + {dx^f + • • • + [dx^f] + m [{dx^'f + {dx^'f 

' dr^ ^ 



+ (r^ - 2mr - cos^ Q) — 

— 2mr — 

2 o™», „2\-2qi,2 



+ de' 



+ (r^ — 2mr — a ) sin 9dip 
2mar sin^ 6 
— 2mr — cos^ ^ ' 



(49) 



4.1.6 D5-brain/anti-D5-brane pair 

By uplifting the magnetic D dipole solution (43) to D = 10, one obtains the following 
supergravity solution for the D5-brane and the anti-D5-brane pair: 



-de + {dx'f + • • • + {dx^'f 
( dr"^ 



+ (r^ — 2mr — cos^ 



— 2mr — 

2 „2\ „• 2 /) J,„2 



o{2) 



+(r — 2mr — a ) sin ^ci(^ 
2mar sin^ 
— 2mr — cos^ 6* ' 



6\2 



{dx'') 

de^ 



(50) 



4.1.7 pp-wave/anti-pp-wave pair 

By uplifting the electric KK dipole solution (33) or (35) to D = 10, one obtains the 
following supergravity solution for the pp-wave and anti-pp-wave pair: 

,9 ^^1,9 ^-r, , ^ 2macos9 , 
dslo = -H-^df + H{dx^ + —dtf 



— cos^ 9 



dr^ 



+ {dxY + ■■■ + {dx^'f 

+ (r^ — 2mr — cos^ ^/ o r. 

r'^ — 2mr — 

+{r^ - 2mr - a^) sin^ 9d(p'^. 



+ d9' 



(51) 



4.1.8 DO-brane/anti-DO-brane pair 

To obtain the following supergravity solution for the DO-brane and the anti-DO-brane 
pair, one first embed the pp-wave/anti-pp-wave solution (51) into D — 11 supergravity 
and then compactify along the longitudinal direction of the D — 11 pp-wave: 



dslo = -H-^^dt^ + m 



6\2 



{dx'Y + ■■■ + (dx^) 
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+(r^ - 2mr - cos^ 9) 



— 2mr — a? 



+(r^ - 2mr - a^) sin^ ed(f" 



A, 



2ma cos 6 
— a? cos^ ^ ' 



where Am is the 1-form field in the RR-sector of the type-IIA theory. 



(52) 



4.1.9 KK-monopole/anti-KK-monopole pair 

By uphfting the magnetic KK-dipole solution (32) or (34) to D = 10, one obtains the 
following supergravity solution for the KK monopole and anti-KK monopolc pair: 



—dt^ + dx\ + • • ■ + dxl 



dx^ + 



2mar sin 6 



-2 — 2mr — cos^ 9 



+H 



(r^ — 2mr — cos^ 9) 



dip 
dr' 



— 2mr — 



+ d9' 



+(r^ - 2mr - a^) sin^ 9d(fi'^ 



(53) 



4.1.10 D6-brane/anti-D6-brane pair 

By first uplifting the KK-monopole/anti-KK-monopole pair solution (53) to D = 11 
and then compactifying along the direction (of the solution in Eq. (53)), one obtains 
the following solution for the D6-brane and the anti-D6-brane pair: 



dn^ 



H-2 



-de + {dx^f + ■■■ + {dx^f 

(r^ — 2mr — cos^ 9) 



dr^ 



+{r'^ - 2mr - a^) siv? 9d(p'^ 

2mar sin^ 9 » 
g 

— 2mr — a? cos^ 9 ' 



— 2mr — 



H-l. 



+ d9' 



(54) 



5 Non- marginal Bound States of Fundamental Dipoles 

By applying the SL{2, R) transformations in section 3 to the fundamental dipole so- 
lutions presented in section 4, one can construct the supergravity solutions for non- 
marginal bound states of fundamental dipoles. 

First, we consider the non-marginal bound states of the (electric or magnetic) KK 
and H dipoles whose U{1) fields are associated with different circles. The Einstein- 
frame metric g^j^i, is given by Eq. (31), and the string- frame metric gj^l is given by 
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Eq. (40) for the electric case and Eq. (41) for the magnetic case. We apply the 
SL{2, R)t transformation (20) to the fundamental electric KK dipole solution (33) to 
construct the supergravity solution for the non-marginal bound state of the electric 

KK and electric H dipoles. We use Ur = ( r ^^^r I as the 150(2) C SL(2, R)t 

V sm cos J \ ' / 

transformation matrix. The resulting solution has the following form: 

1 — 2mr — cos^ 6 



2 r"^ — cos^ ' 

— 2mr cos^ 5 — a? cos^ 9 

m ■ 

— 2mr — a? cos^ 9){r'^ — a? cos^ 9) 
mr sin 26 



— 2mr cos^ 5 — cos^ 9 ' 



3 5 2ma cos (5 cos 6* 

— COS"' 9 

,1 „ 2TOasin5cos^ , , 

A] = S4t = ^ —. 55 

The ADM mass M and the electric dipole moments and pSec'^ of this solution are 
M — m — ^J (m cos + (m sin 5)^, = ma cos 5, P^ec^ = —ma sin 5. (56) 

The expressions for the ADM mass and the dipole moments for the remaining cases in 
the following have the similar forms as Eq. (56). So, we shall not write down them for 
the remaining cases. In the case when the U{1) fields are magnetic, the solutions are 
as follows: 

1 , — 2mr — a? cos^ 9 



a — hi 



2 r"^ — a? cos^ 9 

— 2mr sin^ 5 — cos^ 9 

(r^ — 2mr — cos^ 9)(r-'^ — cos^ i 
mr sin 25 



— 2mr siv? 5 — o? cos^ 9 ' 

,o ,tr 2mar COS 5 sin^ ^ 

A% = Al- 



— 2mr — cos^ 9 ' 

2mar sm. 5 siv? 9 . . 

A = = — - — — . (57j 



The sohitions for the case when the KK [winding] U{1) field comes from the 4-th [5-th] 
coordinate are obtained by just applying the Z2 C SL{2, Il)u transformation to the 
above solutions. The resulting solutions have the opposite sign for p, and A^^ and 
respectively replaced by and ^5^. 

Similarly, one can apply the SO{2) C SL{2, R)u transformation (20) (with the same 
transformation matrix as above) to the fundamental electric [magnetic] KK or H dipole 
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solution to construct the supergravity solution for the non-marginal bound state of two 
fundamental electric [magnetic] KK or H dipoles charged with respect to two KK or 
winding U{1) fields of different circles. For such case, the real scalar p undergoes the 
SL{2, R)u transformation and therefore the real part c of the complex structure U is 
induced. So, the internal metric Gmn becomes non-diagonal (Cf. Eq.(15)). Similarly 
as above, the Einstein- frame metric Qfj^i^ is given by Eq. (31), and the string-frame 
metric g^^^ is given by Eq. (40) for the electric case and Eq. (41) for the magnetic case. 
The solutions have the form similar to the above. But we write down the solutions for 
the completeness. For the non-marginal bound state of two electric KK dipoles, the 
solution is given by 

1 , — 2mr — cos^ 6 



T] — a — - hi. 
p — In 



2 r"^ — cos^ ' 

— 2mr cos^ 5 — cos^ 9 

(r^ — 2mr — cos^ 9){r'^ — a? cos^ 9) 
mr sin 26 



c — 



— 2mr cos^ d — a"^ cos^ 9 ' 
4 4 2macos5cos6' 

= ^* ^ r2^a^ cos^9 ' 

,r, ,^ 2/;/« sin COS 

= Al = — . 58 

* * - a2 cos^ 9 ^ ' 

When the KK C/(l) fields are magnetic, the corresponding solution is the following: 

1 — 2mr — cos^ 9 
^ ^ ^ = -oln — , 

2 r'^ — a'^ cos^ 9 

- 2mr s\v? 5 — cos^ 9 

p = In ; 

— 2mr — cos^ 9) (r^ — cos^ 9) 
mr sin 25 



c 








A^ 


- A^ - 



— 2mr sin^ 5 — a? cos^ 9 ' 
2mar cos 5 sin^ 9 



— 2mr — cos^ 9 ' 
2mar sin 5 sin^ 9 , , 

— 2mr — a? cos^ 9 

The non-marginal bound states of two electric (or magnetic) H dipoles are related to 
these configurations through the Z2 C SL{2, R)^ transformation. So, the correspond- 
ing solution is given by Eq. (58) or (59) with the opposite sign for a and with A^^ and 
respectively replaced by A?^ — B^^j_ and = ^4^. 
By applying the SL{2, R)5 transformation (21) to the fundamental dipole solutions, 
one can construct supergravity solutions for the non-marginal bound states of the 
electric [magnetic] KK dipole and the magnetic [electric] H dipole whose U{1) fields 
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are associated with different circles. The following solution for the non-marginal bound 
state of the electric KK dipole and the magnetic H dipole is obtained by applying the 
SL{2, H)s transformation to an electric KK dipole solution (33): 

1 — 2mr — cos^ 9 
^ ^ -P=oln ^ ^ J- , 

z — cos^ U 

r' — 2nir cos" () — (r cos" 

77 = In , 

J (r^ — 2mr — cos^ 9) (r^ — cos^ 9) 

mr sin 25 



a — 



— 2mr cos^ S — a"^ cos^ 9 ' 

, q , c 2ma cos 6 cos 6' 

— A — 

* * r2 - a2 cos2 ^ ' 

B 2mar sin 5 sin^ ^ 

In the case where the KK U{1) field A^^ is magnetic and the winding C/(l) field is 
electric, the solution is 

1 , - 2mr - c? cos^ 9 
a — —p = — - m 



2 r"^ — a? cos^ ^ ' 

— 2mr sin^ 5 — cos^ 9 

r] — m 



^ (r^ — 2mr — cos^ 9) (r^ — cos^ 9) 
mr sin 25 



a = 



— 2mr sin^ 5 — a? cos^ ^ ' 
^3 ^5 2mar cos 5 sin^ 9 
V 'P J.2 _ 2mr — cos^ 9 ' 

, 1 2mar sin 5 cos ^ , , 



r 



The supergravity solutions for the configurations with non-zero Aj^ = Aj^ and Aj^ = B^^ 
are obtained by applying the Z2 C 5*^(2, R)[/ transformations to the above solutions. 
The resulting solutions have the opposite sign for p. The Einstein-frame metric for all 
the above cases is given by Eq. (31). But since the D — A dilaton 77 has undergone 
the SL{2,'K)s transformation, the string-frame metric now depends on the SO{2) C 
SL{2,'R)s angle 5. The string-frame metric g^^l — e^g^i, for the case where the KK 
U{1) field is electric and the winding U{1) field is magnetic is 



g^'^ldx^dx" = - (r^ - 27nr cos^ 5 - cos^ 9) 



— a? cos^ 9 



de 



+ + -0 — ^ 5 sin' Od^' 



— 2mr — a? — 2r?T.r — a? cos^ 9 



(62) 



and for the case where the KK U{1) field is magnetic and the winding U{1) field is 
electric is given by Eq. (62) with cos^ 5 in the overall factor term replaced by sin^ 5. 
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Finally, the supergravity solutions for the non-marginal bound states of the H dipole 
(charged under Al^ or Af^) and the D dipole (charged under = B^^a,n) obtained 
by applying the SL{2, R) ^-duahty transformation (26) to the fundamental D dipole 
solutions (42) and (43). In this case, the Einstein-frame metric is still given by Eq. 
(31). The solutions are 



911 

9ii 

Bl 



— 2mr — cos^ 6) (r^ — 2mr sin^ 5 — cos^ 9) 



— a? cos^ 9 



' — 2mr sin^ 


5- 


c?- cos^ 


9 


— 2mr - 


-0? 


cos^ 9 




' — 2mr sin^ 


S- 


cos^ 


9 



V — 0,2 cos^ 9 

2ma cos 6 cos 9 , , 
A 



X - 



mr sin 2S 



— 2mr sin^ S — cos^ 9 ' 
2ma sin 6 cos 



* r'^ — a? cos^ ^ 

for the electric case, and 



— cos^ 9 ' 



(63) 



^11 

Qii 



— cos^ 6') (r^ — 2mr cos^ 5 — cos^ 6*) 



— 2mr — cos^ 9 



1 — 2mr cos^ 


S- 


cos^ 




— 


cos^ 


9 




' — 2mr cos^ 


5- 


a? cos^ 





— 2mr — cos^ 9 
2mar cos 5 sin^ 9 



mr sin 25 



2mr cos^ S — cos^ ^ ' 



— 2mr — cos^ 9 ' 



2mar sin 5 sin^ ^ 
— 2mr — a? cos^ 9 ' 



(64) 



for the magnetic case. The string-frame metric g^^l = e'^g^u is given by 



— 2mr sin^ 5 — cos^ ^ 



— 2mr — cos^ ^ 



^ — 2mr — cos^ ^ 
— 2mr — c? 



2mr 



— cos^ ^ 



— 2mr — a? cos^ 9 



(65) 



for the electric case, and 
g'^^dx^dx" = 



Vr^ — 2mr cos^ 5 — cos^ 9 

dr^ 



de 



\/r'^ — cos^ 



\Jr'^ — 0,2 cos^ ^ 



— 2mr — 

2 — „2n „• 2 



— 2mr — a? cos^ ^ 



- 2mr - a^) sin^ 



(66) 



for the magnetic case. 
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5.1 Higher-dimensional Embedding 



In this subsection, we oxidize some of the above D = A solutions for the non-marginal 
bound states of D = 4 fundamental dipoles to obtain the dclocalized supergravity 
solutions for the non-marginal bound states of the brane/anti-brane pairs. 

5.1.1 F-string/anti-F-string pair and the pp-wave/anti-pp-wave pair 

By uplifting the solution (55) for the non-marginal bound state of the electric H dipole 
and the electric KK dipole to D = 10, one obtains the following supergravity solution 
for the non-marginal bound state of F-string/anti-F-string pair and the wave/anti-wave 
pair: 



Ml) 



e — 



+ {dx'f + 



[dx 



6\2 



-F(r^ - 2mr - cos^ 9) 



pp 



— 2mr — a? 



+{r^ - 2mr - a^) sin^ Odip^, 
2ma sin 5 cos 6 

— 2mr cos^ 5 — a? cos^ ' 



2 2ma cos 8 cos Q 

dx ^ 5-7- at 

— cos^ y 

+ de^ 

mr sin 26 



— 2mr cos^ 5 — a'^ cos^ 6 ' 



(67) 



where the modified harmonic functions for the F-string/anti-F-string pair and the 
wave/anti-wave pair are respectively 



pp 



— 2mr cos^ 5 — cos^ 9 

— 2mr — a? cos^ 9 ' 
— a? cos^ 9 

— 2mr cos^ 5 — cos^ 9 



(68) 



5.1.2 D2-brane/anti-D2-brane pair and DO-brane/anti-DO-brane pair 

One can uplift the solution (67) for the non-marginal bound state of the F-string/anti- 
F-string pair and the wave /ant i- wave pair to D = 11 and then compactify the longi- 
tudinal direction of the D = 11 pp-wave of the resulting solution for the non- marginal 
bound state of the M2-brane/anti-M2-brane pair and the pp-wave/anti-pp-wave pair 
on to obtain the following supergravity solution for the non-marginal bound state 
of the D2-brane/anti-D2-brane pair and the DO-brane/anti-DO-brane pair: 



ds^ 
"•'10 



H 



~'HrJdt^ + H^o 



DO -'-'D2 



_ 1 
-"D2 



{dx'-y + {dx 



2\2 



1 



1 



6\2 



{dxy + ■■■ + (dx") 
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+(r^ - 2mr - cos^ d) ^ 

— 2mr — 



A, 



+(r — 2mr — a ) sin 

2ma cos 5 cos 9 - 

r'^ — cos^ U 

mr sin 25 

— 2mr cos^ 5 — cos^ 9 ' 



2ma sin 5 cos 9 



— 2mr cos^ S — cos^ ^ ' 



TT2 TT2 

-"D0-"D2) 



(69) 



where the modified harmonic functions for the DO-brane/anti-DO-brane pair and the 
D2-brane/anti-D2-brane pair are respectively 



H-DO 
Hb2 



(r cos^ 



— 2mr cos^ 6 — a'^ cos^ 9 ' 

— 2mr cos^ 5 — cos^ ^ 

— 2mr — cos^ 9 



(70) 



5.1.3 Kaluza-Klein dipole and NS5-brane/anti-NS5-brane pair 

The following supergravity solution for the non-marginal bound state of the magnetic 
KK dipole and the NS5-brane/anti-NS5-brane pair can be obtained by uplifting the 
solution (57) for the bound state of the magnetic KK dipole and the magnetic H dipole 
to D = 10: 



dslo 



-dt' + {dxy + 



{dx 



4\2 



KK 



, t: 2mar cos 6 sin^ 9 1 ^ 
"2: + — ^ —dip 



— 2mr — a? cos^ 9 



+Ht^S5 [{dx 
( dr'' 



6\2 



X 



^r^ — 2mr — a? 
2mar sin 5 sin^ 9 

— 2mr sin^ 8 — a? cos^ 9 ' 



Hkk \ — 2mr — cos^ 9) 

+ d9A + (r^ - 2mr - a^) sin^ 9dip^ 



mr sin 25 



— 2mr sin^ 5 — a? cos^ ^ ' 



(71) 



where the modified harmonic functions for the magnetic KK dipole and the NS5- 
brane/anti-NS5-brane pair are respectively 



Hkk 



— 2mr sin^ 6 — cos^ 9 
— 2m,r — cos^ 9 ' 

9 /I 

— 2mr sin^ (5 — cos^ ^ 



(72) 
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5.1.4 D6-brane/anti-D6-brane pair and D4-brane/anti-D4-brane pair 



One can construct the following supergravity solution for the non-marginal bound 
state of the D6-branc/anti-D6-branc pair and the D4-brane/anti-D4-brane pair by first 
uplifting the sohition (71) for the KK dipole and the NS5-brane/anti-NS5-brane pair 
bound state to D = 11 and then compactifying along the direction (of the solution 
in Eq. (71)) of the resulting D = 11 solution for the M5-brane/anti-M5-brane pair and 
the magnetic KK dipole bound state: 



77 2 IT 2 

-"D4 -"D6 
1 

1 1 



-de + {dx^f + 

{dx^'f + {dx^'f 



+ {dx^f 



— 2mr — cos^ 6) 



dr^ 



2mr 



+ d9^ 



Bx5 



+ {r'^ — 2mr — a^) sin^ 9dip^ 
2mar cos 8 siv? 6 

— 2mr — o? cos^ 9 ' 

mr sin 25 

— 2mr sin^ 5 — a? cos^ 6 ' 



2mar sin 5 sin 9 



— 2mr sin 5 — cos^ 9 

1 3 



-"D4 -"D6 ' 



(73) 



where the modified harmonic functions for the D4-brane/anti-D4-brane pair and the 
D6-brane/anti-D6-brane pair are 



Hb4 



a? cos^ 9 



— 2mr s\v? 5 — a? cos^ 9 ' 

- 2mr s\v? 5 - a? cos^ 9 

— 2mr — a? cos^ 9 



(74) 



5.1.5 NS5-brane/anti-NS5-brane pair and pp-wave/anti-pp-wave pair 

The following supergravity solution for the non-marginal bound state of the NS5- 
brane/anti-NS5-brane pair and the pp-wave/anti-pp-wave pair can be constructed by 
uplifting the solution (60) for the magnetic H dipole and the electric KK dipole bound 
state: 



ds 



10 



-H'pde + {dx^f H ^{dx 



5\2 



+-f^NS5 



fX^ 



, , e. 2macos6cos9 , 

+(r'^ - 2mr - cos^ 9) — — r 

— 2mr — 

+(r'^ - 2mr - a^) sir? 9dip'^ 
2mar sin 5 sin^ 9 . 
— 2mr — cos^ 9 



+ d9' 



1,...,5), e'' 



NS5, 



(75) 
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where the modified harmonic functions for the pp-wave/anti-pp-wave pair and the 
NS5-brane/anti-NS5-brane pair are respectively 



— cos^ 9 

-fZnn = 



PP j,2 _ 2uir cos^ S — a'^ cos^ 9 ' 
^ — 2mr cos^ S — cos^ 9 

— 2mr — cos^ ^ 

5.1.6 NS5-brane/anti-NS5-brane pair and DO-brane/anti-DO-brane pair 

One can uphft the above solution (75) for the NS5-brane/anti-NS5-brane pair and 
the pp-wave/anti-pp-wave pair bound state to D = 11 and then compactify along the 
longitudinal direction of the pp-wave of the resulting D — 11 solution for the M5- 
brane/anti-M5-brane pair and the pp-wave/anti-pp-wave bound state to obtain the 
following supergravity solution for the non-marginal bound state of the NS5-brane/anti- 
NS5-brane pair and the DO-brane/anti-DO-brane pair: 



1 1 



"*io ~ -"do ^ -"do 



{dx'Y + ■■■ + {dx^'f 



1 



+-^D0-^NS5 



/ dr"^ 

(dxy + (r^ - 2mr - cos^ 9) + d9'' 

' — 2mr — 



+{r'^ - 2mr - a^) sir? 9d^p^ 
2macos5cos9 -(i) 2mar sin 5 sin^ ^ 



= H^oHns5, (77) 

where the modified harmonic functions for the DO-brane/anti-DO-brane pair and the 
NS5-brane/anti-NS5-brane pair are respectively 

— cos^ 9 

Ht 



'DO 



— 2mr cos^ 6 — a'^ cos^ 9 ' 

— 2mr cos^ 5 — a'^ cos^ 9 , , 

-"NS5 = n 7, o ■ (78) 

— 2mr — cos^ 9 

5.1.7 F-string/anti-F-string pair and the Kaluza-Klein dipole 

The following supergravity solution for the F-string/anti-F-string pair and the KK 
dipole bound state can be constructed by uplifting the solution (61) for the electric H 
dipole and the magnetic KK dipole bound state to D — 10: 

,9 1 , 9 ^-r ^ -r-r ^ f , ^ 2mar COS 5 sin^ 9 , \ ^ 

dsl = -H^ldt- + H^lH^l [ dx^ + _ _ ^^^^ ^ d^ 1 



^{dx'f + • • • + {dx^f 
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+Hkk 



(r^ - 2mr - cos^ 9) 



— 2mr — 



+ de' 



6(1) _ 



+(r^ - 2mr - a^) svc? 9d(p" 

2mar sin 5 cos 9 
g 

— cos^ ^ 



Fl > 



(79) 



where the modified harmonic functions for the F-string/anti-F-string pair and the KK 
dipole are respectively 



— 0? cos^ 9 



— 2mr %vc? 5 — 0^ cos^ 9 ' 

— 2mr sin^ S — a"^ cos^ 9 

— 2mr — cos^ ^ 



(80) 



5.1.8 F-string/anti-F-string pair and D6-brane/anti-D6-brane pair 

The following supergravity solution for the F-string/anti-F-string pair and the D6- 
brane/anti-D6-brane pair bound state can be constructed by uplifting the above solu- 
tion (79) for the F-string/anti-F-string pair and the KK dipole bound state to D = 11 
and then compactifying along the direction (of the solution in Eq. (79)) of the 
resulting D — 11 solution for the M2-brane/anti-M2-brane pair and the KK dipole 
bound state: 



""'10 



1 

2 

D6 



dt" + {dx^f 
- 2mr - a? cos^ 9) 



D6 



{dx^f + 
dr"^ 



2mr 



+ {dx'^f 
+ d9''\ 



-F(r^ - 2mr - a^) sin^ 9dip'^ 
2mar cos 5 sin^ 9 ^ 
— 2mr — o? cos^ 9 ' 

_3 

IJ— 1 TJf 2 



2mar sin 5 cos 9 
— a? cos^ 9 



(81) 



where the modified harmonic functions for the F-string/anti-F-string pair and the D6- 
brane/anti-D6-brane pair are respectively 

r"^ — a? cos^ 9 

Hfi - 



— 2mr siv? 5 — a? cos^ 9 ' 

— 2mr sin^ 5 — cos^ 9 

— 2mr — a? cos^ 9 



(82) 



5.1.9 F-string/anti-F-string pair and D-string/anti-D-string pair 

The following supergravity solution for the F-string/anti-F-string pair and the D- 
string/anti-D-string pair bound state can be constructed by uplifting the solution (63) 
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for the electric H dipole and the electric D dipole bound state to D = 10: 



1 

2 

Dl 



dr 



+ {dx^f\ + H, 

+ (r^ — 2mr — o? cos^ ^) ( ■ n 

\H — 2mr — 

+(r^ — 2mr — a^) svc? 9d(p^ 



6\2 



{dxy + ■■■ + {dx*") 
+ doA 



6(1) 



2ma sin 6 cos 9 
— cos^ 6 



r(2) 



2ma cos S cos ^ 

— cos^ ^ ' 
mr sin 25 



— 2mr sin^ 5 — cos^ ^ ' 



(83) 



where the modified harmonic functions for the F-string/anti-F-string pair and the D- 
string/anti-D-string pair are respectively 



Hfi 



— cos^ 9 



— 2mr sin^ S — cos^ 9 ' 

— 2mr sin^ S — cos^ ^ 

— 2mr — cos^ 9 



(84) 



5.1.10 D5-brane/anti-D5-brane pair and NS5-brane/NS5-brane pair 

The following supergravity solution for the D5-brane/anti-D5-brane pair and the NS5- 
brane/NS5-brane pair bound state can be constructed by uphfting the solution (64) 
for the magnetic D dipole and the magnetic H dipole bound state to D = 10: 



dslo 



D5 



5\2 



dt' + {dxy + ■■■ + {dx"") 



{dx^f + (r' - 2mr - a' cos^ 9) 



dr"^ 



— 2mr — 0? 



+ d9^ 



B 



(1) 



+ (r^ — 2mr — a^) siv? 9d'{P' 
2mar sin 5 siv? 9 



e = 



— 2mr — cos^ 9 ' 



B 



2mar cos 5 siv? 9 



(2) ^ 

r'^-2mr-a?cos^9' 
mr sin 25 



— 2mr cos^ 5 — a? cos^ 9 ' 



^5) 



where the modified harmonic functions for the NS5-brane/NS5-brane pair and the 
D5-brane/anti-D5-brane pair are respectively 



-f^NS5 — 
-f^D5 = 



— 2mr cos^ 5 — cos^ 9 

— 2mr — a? cos^ 9 ' 
— a? cos^ 9 

— 2mr cos^ 5 — cos^ ^ 



(86) 
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6 Marginal Bound States 



So far we considered the case of non-marginal bound states of the brane/anti-brane 
pairs, in which the harmonic functions of the constituent brane/anti-brane pairs are 
related through the 5*0(2) rotation angle S to the modified harmonic function H in 
Eq. (45) and the overall transverse part of the metric has the form similar to that for 
the "fundamental" brane/anti-brane pair solutions. In order to gain further insight 
on more general structure of intersecting brane/anti-brane pair solutions, one has to 
study the case of marginal bound states of brane/anti-brane pairs. Such solutions can 
be indirectly constructed by uphfting the multicharged dipole solutions in D < 10 
effective string theories to D — 10. However, at this stage the construction of such 
solutions seems to be a difficult task ^. Nonetheless, taking advantage of the fact that 
the general dilatonic dipole solution (2) with the special values of the dilaton coupling 



a = y {A — n)/n can be interpreted as the solution for the "marginal" bound state of 
n < 4 "fundamental" dipoles in D = A string theory with the equal dipole moments, 
one can infer the more general cases with non-equal dipole moments from the resulting 
uplifted D = 10 solutions for marginal bound states of the brane/anti-brane pairs with 
the equal brane dipole moments. 

We consider the (consistently) truncated D — A effective string action given in Eq. 
(22). When only n < 4 of the field strengths J-^ are non-zero and the same, the action 
(22) can be transform to the action (1) for the Einstein-Maxwell-dilaton system with 
a — {A — n)/n. We consider the following cases: 

• a — 1 case: — ^ ^ and A^^ — — 0. In this case, the real scalars are 
p — — a and rj 0. To bring the resulting action (22) to the form (1) with 
q; = 1, we define the dilaton (f) and the U{1) field strength F in (1) as 

= r)/2, F = A/2jr2 _ ^j^3 (g7^) 

So, in terms of the fields in the action (22), the dipole solution is given by 

, ,, , ^ — 2mr — cos^ d , n 

g^ydx^dx = — dt 

r'^ — a-^ cos^ U 

(r^ — 2mr — a? cos^ 9){r'^ — cos^ 9' 



+ 



— 2mr + w? sin 9 — a? cos^ 9 
— cos^ 9 , o ^ ■ 2 n-, 2 



+d9^ 



— 2mr — 0? cos^ 9 

— 2mr — cos^ 9 

V = In 2 2 20 ' (T = p = 

— cos"^ 9 



— 2mr — 0? 
— 2mr — a^) sin^ 9dip^, 



After the first version of this paper appeared in the preprint archive, R. Emparan let the author 
know that such solutions were recently constructed by him and his collaborators and satisfy the 
modified harmonic function superposition rules similar to the ones discussed in this paper. 
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A' 



,q 2macos6 
— 

* — cos^ 9 



1 A.^ — — 0. 



(88) 



The string-frame metric gf^*J = e^g^y is as follows: 

(r^ — 2mr — cos^ 6^ ^ 



dr 

\ r'^ — a? cos^ 9 J 
(r^ — 2mr — d} cos^ fff' 
— 2mr + w? sin^ 6 — cos^ ^ 
-|-(r^ — 2mr — a^) sin^ 6'(i(^^. 



— 2mr — 



The ADM mass and the dipole moments of this solution are 



M — m — -m + -m, p\ 



elec „elec 



P2 



ma. 



(89) 



(90) 



When uplifted to = 10, the solution (88) becomes the following supergravity 
solution for the pp-wave/ anti-pp-wave pair along the longitudinal direction of the 
F-string/anti-F-string pair: 



2ma cos 9 , 
— cos^ 9 ' 



6\2 



2mr - cos^ 9)"^ 



+ 



— 2mr + m? sin^ 9 — a? cos^ 9 

+(r^ - 2mr - a^) sin^ 6ld(/?^, 
^ _ 2ma cos g |, _ . 



+ {dx'Y + • • • + (dx'') 



— 2mr — 



+ d9' 



where the modified harmonic functions are given by 

— cos^ 9 



— 2mr — cos^ 9 



(91) 



(92) 



q; = l/\/3 case: = J^^ = J^^ ^ and = 0. In this case, the real scalars 
are given by rj — a — p ^ 0. So, the fields in the action (1) are given by 

<f>-^V^^<^^^P, F = VSJ^' ^ VSJ^' = V3T\ (93) 

The dipole solution in terms of the field parametrization of the action (22) is 
therefore given by 



Qfjtvdx'^dx^ 



r — 2mr — a cos 9 
— cos^ 9 



dt' 
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[(r^ — 2mr — a? cos^ 6')(r^ — cos^ 



If ' 



+ 



(r^ — 2mr + sin^ 6 — cos^ 
"2 cos^ e ^ ^ 



r 



2mr — 



\r'^ — 2mr — cos^ 
a = p = 



r — 2mr — a ) sin 9dip , 



1 — 2mr — cos^ 9 
— In . 

2 — cos^ ^ 



(7 = 0, 



A' 



A' 



2ma cos 6* 



— cos^ ^ ' 
The string-frame metric is given by 



Ai 



2mar sin^ 9 



— 2mr — a? cos^ 9 



, 4 = 0. (94) 



— 2mr — 0? cos^ 9' 



df 



[r 



— a? cos^ 9 
^ — 2mr — cos^ 9Y(r'^ — cos^ i 



(r^ — 2mr + sin 9 — cos^ 



+ 



— o} cos^ 6* 



— 2mr — 



+ d9^ 



-{r^ — 2mr — a^) sin^ 9dip^. 



(95) 



— 2mr — o? cos^ ^ 
The ADM mass and the dipole moments of the solution are 

M = ^m = ]^m+]^m + ^m, pf ^ = ^ = = ma. (96) 

When uphfted to D = 10, the solution (94) becomes the following supcrgravity 
solution for the marginal bound state of the F-string/anti-F-string pair, the pp- 
wave/anti-pp-wave pair and the NS5-brane/anti-NS5-brane pair: 

\ 2" 



1 , 9 ^-r / , 1 2ma cos 9 
-H-^dt^ + I dx^ + , —dt 



pp 



— cos^ 9 



dr'^ 



+ {dxy + ■■■+ {dx'f + iJNS5 [{dx'f 

{r"^ — 2mr — cos^ 9Y ( 
(r^ — 2mr + m? sin^ 9 — a? cos^ 9)'^ ~ 2mr — 
+(r^ - 2mr - a^) sir? 9dip'^ 
2ma cos 9 



+ d9' 



2marsin 9 



^ * — cos^ ^ ' ^ — 2mr — cos^ ^ 

where the modified harmonic functions are given by 



Fl 



pp 



— cos^ ^ 



NS5 



— 2mr — a? cos^ 9 



, e* = i^pi^i^NSs, (97) 



(98) 



a = case: JF^ = J^^ = = ^ ^. In this case, all the real scalars 77, p and 
cr are zero. So, the fields in the action (1) are given by 



= 0, F = 2:^2 = 2T'^ = 2T^ = 2:^4. 



(99) 
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The dipole solution in terms of the field parametrization of the action (22) is 
therefore given by 



2mr — cos^ 6 ' 
— cos^ 9 



[(r^ — 2mr — cos^ Q){r'^ — cos^ 9)f 
(r^ — 2mr + rn? siv? — cos^ OY 



dr"^ 



— 2mr — 



+ de^ 



+ 



cos^ 6 



— 2TOr — d^ cos^ ^ , 



(r^ — 2mr — a^) sin^ Odcp"^, 



A' 



2ma cos 6* 
— cos^ ^ ' 



•A,„ A,, 



2mar sin 6 



— 2mr — cos^ ^ 



(100) 



Since the D — 4 dilaton r] is zero, the string-frame metric is the same as the 
Einstein-frame metric. The ADM mass and the dipole moments of the above 
solution are 



M — 2m — -m H — m H — m H — m, 
2 2 2 2' 



^elec 



pT^^ma. (101) 



When uplifted to = 10, the solution (100) becomes the following supergravity 
solution for the marginal bound state of the F-string/anti-F-string pair, the pp- 
wave/anti-pp-wave pair, the NS5-brane/anti-NS5-brane pair and the KK dipole: 



-H-^df + Hpp I dx^ + 



pp 



2ma cos 9 
— cos 9 , 



+{dxy + ■■■ + (dxy + H^s5 

( (r^ — 2mr 



Hkk 



dx" + 



2mar sin 9 



a" cos2 9Y 



— 2mr — a? cos 9 

dr'^ 



dip 



KK 



(r^ — 2mr + im? sin 9 — a? cos^ 9Y — 2mr 



+ d9' 



BxH = 



-|-(r^ — 2mr — a^) sin^ 9dip^^ 
2ma cos 9 - 2mar sin^ 9 



— a? cos^ 9 ' 



"2 — 2mr — cos^ 9 



e* = //pi^//NS5, (102) 



where the modified harmonic functions are given by 

— a? cos^ 9 



Fl 



pp 



NS5 



KK 



— 277ir — a? cos^ ^ 



(103) 



One can construct other supergravity solutions for the marginal bound states of the 
brane/anti-brane pairs by choosing different combinations of non-zero U{1) fields, by 
using duality transformations in section 3 or through oxidation to D = 11 followed by 
the reduction on S^, just as we did in the previous section. Just as in the non- marginal 
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bound state cases studied in the previous section, such solutions will have the form 
similar to the supergravity solutions for the delocalized intersecting branes except that 
the harmonic functions are modified to H = '^<f ^ and the metric components 

in the overall transverse space are modified as 



(ir^ + r'^ide'^ + sin^ Odif'^) — > 
(r^ — 2mr — a? cos^ 6)" 

(r^ — 2mr + w? sin^ 6 — a? cos^ 9Y~^ 



— 2mr — a? 



+(r^ - 2mr - a^) sit? ed^p\ (104) 

for the case when there are n < 4 constituents in the marginal bound states of 
brane/anti-brane pairs. Note, such supergravity solutions correspond to the restricted 
configurations which have only three localized overall transverse directions and where 
all the dipole moments of the constituent brane/anti-brane pairs are equal. 

As we have seen explicitly from the brane/anti-brane pair (bound state) solutions 
in the previous sections and this section, the supergravity solutions for the delocal- 
ized brane/anti-brane pairs and their bound states (with equal dipole moments for 
the case of the marginal bound states) still satisfy the rules similar to the harmonic 
function superposition rules [31] of the (delocalized intersecting) brane solutions. One 
can summarize the harmonic superposition rules for such solutions as follows: 

• The solutions are still expressed in terms of the "modified" harmonic functions, 
each of which is associated with each constituent brane/anti-brane pair. In the 
case of the 3-dimensional (overall) transverse space or with only 3 directions of 
the (overall) transverse space localized, the modified harmonic function is given 

H= /;-°^°°f%, . (105) 
— 2mr — cos^ B 

For the non- marginal bound states of two brane/anti-brane pairs with the (over- 
all) transverse space with 3 localized directions, the modified harmonic functions 
are 

— c? cos^ Q 



— 2mr cos^ 8 — 0^ cos^ Q ' 
^ — 2mr cos"^ S — cos^ 9 (106) 

— 2mr — a? cos^ 6 ' 

where cos^ 5 in the modified harmonic functions can be replaced by sin^ 5. 

• The spacetime metric is constructed in terms of the modified harmonic functions 
similarly as the (delocahzed intersecting) brane solutions. Namely, the overall 
worldvolume and the relative transverse components of the metric is given by 
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the flat metric times overall factors expressed in terms of the products of the 
"modified" harmonic functions with the appropriate powers (same as the case 
of the brane solutions). However, for the (overall) transverse components of 
the metric, although the overall factor is expressed in terms of the products of 
"modified" harmonic functions with the same powers as in the case of the brane 
solutions, the (overall) transverse space is no longer (conformally) flat. Namely, 
the term (rfy)^ in (overall) transverse part (with the coordinates y) of the metric is 
replaced by a curved metric. In the case of the 3-dimensional (overall) transverse 
space or the (overall) transverse space with only 3 localized directions, the flat 
metric (dy)'^ is replaced in the manner described in Eq. (104). For the case of the 
non-marginal bound states of two brane/anti- brane pairs, the fiat metric (dy)^ 
is replaced as in Eq. (104) with n—1. 

• The dilaton is expressed as product of the modified harmonic functions with the 
same powers as the (delocalized intersecting) brane solution cases. 

This harmonic function superposition rules can be straightforwardly generalized to 
the case where there is an external magnetic field that provides the repulsive force 
necessary in the force balance between brane and anti-brane. This can be done by 
using the solution constructed in Ref. [13] in place of the solution (2) that we have 
used so far in this paper. In this case, the generalized harmonic function (105) is 
modified to 

H = ^'--y^ ^ (107) 



where 



A = — 2mr — cos^ 9 + ABmr siv? 6 

sin^ 9 \{r^ - a^f + a^ir^ - 2mr - a^) sin^ ^1 . (108) 



Here, B = 2m/ (m + a + y/m'^ + a?Y is the external magnetic field, which is tuned in 
such a way that the conical singularity at r = r+ disappears. Note, when the external 
magnetic field B is zero, A — — 2mr — €? cos^ ^, leading to the previous case with 
no external magnetic field. And the (overall) transverse space is modified as 



dr2 + r2(d^2 + sin2 9d</) 



"^"^ +d9' 



(r^ — 2mr + m? sin 9 — a? cos^ 9Y~^ [r^ — 2mr — 
+(r^ - 2mr - a^) sin^ 9dip^, (109) 

for the case when there are n < A constituents (with the equal dipole moments) in the 
marginal bound states of brane/anti-brane pairs. 
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We speculate that even for the full solutions for the (bound states of) brane/anti- 
brane pairs these harmonic superposition rules will hold, with the appropriate modified 
harmonic functions and (overall) transverse components of the metric. 
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